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Serre-Swan (compact Hausdorff $\Omega$
$\Omega$ $C(\Omega)$ )
– $.\mathrm{C}^{*}-$ –
$\mathrm{C}^{*}-$ $A$ Hilbert $\mathrm{C}^{*}-$ $X$
$A$ – K\"ahler Hilbert $\epsilon_{x}$ $X$ Hilbert
$\mathrm{C}^{*}-$ $\mathcal{E}_{X}$ $A$










$\mathrm{C}^{*}-$ compact Hausdorff – $\mathrm{C}^{*}-$
$\mathcal{L}(\mathcal{H})$
([3]) ..$\cdot$.’ . $1r$ . . $\cdot$
$A\geq B$ ( ) $\Leftrightarrow$ $f_{A}\geq f_{B}$ ( ). (Eq.l.l)
$\text{ }$ Cirelli, Mani\‘a, Pizzocchero [2]
$\mathrm{C}^{*}-$ – K\"ahler
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Theorem 1.1 (Serre-Swan) $\Omega$ compact Hausdorff
$C(\Omega)$ $\Omega$ $X$ $C(\Omega)$
$X$ $\Omega$ $E$





$C(\Omega)$ $\Omega$ 1 1
1. 1 $\mathrm{C}^{*}-$
$\mathrm{C}^{*}-$ $\mathrm{C}^{*}-$ ( $\mathrm{C}^{*}-$
) $([10|)$ \tau Cirelli, Mani\‘a,









( $\mathrm{C}^{*}-$ $\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{m}_{\text{ } }\mathrm{C}^{*}-$ primitive $\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{m}_{i}\backslash$
2
72
( ) $\mathrm{C}^{*}-$ $\mathrm{C}^{*}-$
A $A$ $A$
$\downarrow$ $\downarrow$ $\swarrow$ $\downarrow$ $\searrow$
$\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A$ $\mathcal{P}_{A}$ $P_{A}arrow$ $B\equiv \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A$ $arrow \mathrm{P}\mathrm{r}\mathrm{i}\mathrm{m}A$
( )
’. $\mathrm{C}^{*}-$ [ $2|$
K\"ahler





(ii). $E$ – (I1])




Theorem 2.1 $A$ - $\prime \mathrm{p}$ $A$





$(p, P, B)$ – K\"ahler
2.1 $(p, \mathcal{P}, B)$ $\mathrm{C}^{*}-$ $A$ – K\"ahler
$A$ – K\"ahler $A$






$m*l\equiv m\cdot l+\partial m(\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\iota)$ (Eq 22)
$m,$ $l\in C^{\infty}(.\mathcal{P})$ $*-$ $(C^{\infty}(\mathcal{P}), *)$
– $*-$ $\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}l$ K\"ahler
$l$ (gradient) $\{\cdot, \cdot\}$ $\mathcal{P}$
K\"ahler K\"ahler
$m*l-l*m=\sqrt{-1}\{m, \iota\}$ (Eq 23)
Theorem 2.2 ( $C^{*}-$ ) - $A$ Gelfand
$f_{A}(\rho)\equiv\rho(A)$ , $A\in A_{\text{ }}\rho\in P$
*-
$f$ : $Aarrow C^{\infty}(^{\mathrm{p})}$
$C^{\infty}(P)$ Eq.2.3 $*-$
$f$ $f(A)$ $l$ . .
$||l|| \equiv\sup_{\rho\epsilon^{p}}|(\overline{\iota}*l)(p)|\frac{1}{2}$
$*-$ $f(A)$ $(C^{\infty}(\mathcal{P}), *)$ $*-$
$(f(A), *)$ $A$ -
$f(A)$ $\mathcal{K}_{u}(\mathcal{P})\subset C^{\infty}(P)$ – :
$\mathcal{K}_{u}(P)\equiv\{l\in C^{\infty}(\mathrm{p})$ :
$\overline{l}*l,$




Eq.2.3 $\mathrm{C}^{*}-$ K\"ahler $\{\cdot, \cdot\}$ ( $\cong$ K\"ahler
) . .




Example 2.1 $\Omega$ compact Hausdorff $A\equiv C(\Omega)$ $\mathcal{P}\cong$
$\Omega\cong B,$ $p:P\cong B$ . $\Omega$ $p^{-1}(b)=\{b\}$ $0$ K\"ahler
$\Omega$ $m*l=m\cdot l$ ,
$\mathcal{K}_{u}(\Omega)\cong C.(\Omega)=A$. ..
2.1 $2.1_{\text{ }}2.2$ $\mathrm{C}^{*}-$ Gelfand –
Example 2.2 $A\equiv M_{n}(\mathrm{C})$ $\mathcal{P}\cong \mathrm{C}P^{n-1}\equiv(\mathrm{C}^{n}\backslash \{0\})/\mathrm{C}^{\mathrm{x}_{\text{ }}}B$
K\"ahler –
$A,$ $B\in M_{n}(\mathrm{C})$









Example 2.3 $A\equiv \mathcal{L}(\mathcal{H})_{\text{ }}$ $\dim \mathcal{H}=\infty$ $P\cong$
$\mathcal{P}(\mathcal{H})\cup P_{-}$ $\mathcal{P}(\mathcal{H})\equiv(\mathcal{H}\backslash \{0\})/\mathrm{C}^{\mathrm{x}}$ $\mathcal{L}(\mathcal{H})$
Hilbert $P_{-}$ $\mathcal{H}$ compact






Definition 3.1 $(q, \mathcal{E}, N)$ $N$ Hilbert-
$q:\mathcal{E}arrow N$
$N$ Hilbert











Definition 3.2 $(\phi, \alpha)$ Hilbert- $(q, \mathcal{E}, N)$ $\phi,$ $\alpha$ $k$









Definition 3.3 $(q, \mathcal{E}, N, G)$ Hilbert- $(q, \mathcal{E}, N)$ $G$
$G$ $(q, \mathcal{E}, N, c)$
76
$g\in G$ $(q, \mathcal{E}, N)$ $(\phi_{g}, \alpha_{g})$ $\phi_{g^{\circ}}.\phi_{g’}=$
$\emptyset_{gg^{\prime\alpha \mathrm{o}}}2g\mathit{9}g\mathit{9}’$ ,$c\alph ’=\alpha\in$ .
Hilbert- $\mathrm{C}^{*}-$
$\Gamma(\mathcal{E})$












$\psi$ : $Garrow \mathrm{A}\mathrm{u}\mathrm{t}(\Gamma_{b}(\mathcal{E}))$
$\psi_{g}(_{S})(_{X)}\equiv\phi_{g}\{S(\alpha_{g^{-}}1(X))\}$ $(\mathrm{E}\mathrm{q}.3.\cdot 5)$
$s\in\Gamma_{b}(\mathcal{E}),$ $x\in N,g\in G$ $\psi$
$g\in G$ $\psi_{g}$ Banach $\Gamma_{b}(\mathcal{E})$
, . .
Proposition 3.1 Hilbert- $G$ $(q, \mathcal{E}, N, G)$ $G$ Ba-




$\mathrm{C}^{*}-$ $A$ $A$ – K\"ahler ( 2.1) Hilbert-
$\mathrm{C}^{*}-$ $A$ Hilbert
$\mathrm{C}^{*}-$ ([6]) Hilbert-
Hilbert $\mathrm{C}^{*}-$ $A$ $\mathrm{C}^{*}-$
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(i). $(<\xi|\eta>)*=<.\eta|\xi>$ , $\eta,\xi\in X$ .
(ii). $||\xi||^{2}\equiv<\xi|\xi>\geq 0$ , $\xi\in X$ $||\xi||=0$ $\xi=0$ .
(iii). $<\xi|\eta a>=<\xi|\eta>\cdot a_{J}$ $\xi,$ $\eta\in X,$ $a\in A$ .
(iv). $||\xi||x\equiv||||\xi||||=||<\xi|\xi->|,|^{1/2}f\xi\in X$ $X$ Banach




Example 4.1 ( )
$< \{a_{i}\}|\{b_{i}\}>\equiv\sum_{i}a_{i}^{*}b_{i}$ , $\{a_{i}\},$ $\mathrm{t}b_{i}\}\in A^{n}$
A- Hilbert A-
Example 4.2 $\mathrm{C}^{*}-$ Hilbert $\mathrm{C}^{*}-$
Example 4.3 $B\supset C$ $\mathrm{C}^{*}-$ $\mathrm{C}^{*}-$ $A\equiv C’\cap\beta$ (
) $\phi\in \mathrm{E}\mathrm{n}\mathrm{d}C$ $B$
$X_{\phi}\equiv\{x\in B:\phi(C)_{X}=xc, c\in C\}$
Hilbert A-
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$N_{\rho}\equiv\{\xi\in X. : p(||\xi||2)=0\}$
$\dot{N}_{\rho}$ $X|$
$\mathcal{E}_{X,\rho}^{O}\equiv x/N_{\rho}$
$<\cdot|\cdot>:\mathcal{E}^{o}\mathrm{x}\rho X,\rho \mathrm{x},\rho \mathcal{E}^{O}arrow \mathrm{C}$,
$<[\xi]_{\rho}|[\eta]\rho>_{\rho}\equiv p(<\xi|\eta>)$
$[\xi]_{\rho},$ $[\eta|_{p}\in \mathcal{E}_{X,\rho}^{o}, [\xi]_{\rho}\equiv\xi+N_{\rho}$ .






$P_{b}\equiv_{\mathrm{P}^{-}}(1b)\subset P,$ $b\in B$ .
Lemma 4.1
$\Pi_{b}$ : $\mathcal{E}_{X}^{b}arrow P_{b}$
$(\Pi b, \mathcal{E}^{b}X’ \mathcal{P}b)$ Kdhler $\mathcal{P}_{b}$ Hilbert
‘ $(\square , \mathcal{E}X, p)$ Hilbert - spectrum $B$
$(\square , \mathcal{E}x, p)=b\epsilon\cup(\square _{b}B’ \mathcal{E}^{b}P_{b}x’)$
$(\bm{\mathrm{E}}\mathrm{q}.4.6)$
$(p, P, B)$ - $(\square , \mathcal{E}_{X}, \mathcal{P})$
$(\Pi, \mathcal{E}_{X}, p)$ $G$ $\mathrm{c}.*$ -. $A$ unitary
$G$ $\mathcal{P}$
$\alpha_{g}(\rho)\equiv p\mathrm{o}\mathrm{A}\mathrm{d}g*$ , $p\in P,$ $g.\in c$ .
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$\text{ }$
$\alpha$ $G$ – K\"ahler $b\in B$
$G$ $\mathcal{E}_{X}$
$\phi_{\mathit{9}}([\xi]\rho)\equiv[\xi\cdot g^{*}]\alpha_{g()}\rho$ $[\xi]_{\rho}\in \mathcal{E}X,$ $g\in G$
$\phi_{g}$ X dense $\cup \mathcal{E}^{o}p\in PX,\rho$ well-
defined $\mathcal{E}_{X}$ – $\Pi_{0}$
$\phi_{g}=\alpha_{g}\mathrm{O}\Pi$ .
. .
Lemma 4.2 $(\phi, \alpha)$ $(\Pi, \mathcal{E}_{X}, p, G)$ $G$
$(\Pi_{b}, \mathcal{E}_{X’ b}^{b\prime p}, G)$ $G$ 3.3 $(\phi, \alpha)$ Eq.4.6
3.1 $\mathcal{E}_{X}$ $G$ $(\psi, \mathrm{r}_{b(\mathcal{E})}X)$
$\Gamma_{b}(\mathcal{E}x)$ $G$ $A$
$s\cdot a\equiv\psi_{a^{*}}(S)$ , $s\in\Gamma_{b}(\mathcal{E}_{X}),$ $a\in A$
$\Gamma_{b}(\mathcal{E}x)$ $A$ Banach $A$
Hilbert $\mathcal{E}_{X}$ Hermite $H$
$H$ : $\mathrm{r}_{b}(\mathcal{E}_{X})\cross\Gamma_{b}(\mathcal{E}X)arrow \mathcal{F}^{\cdot}(\mathcal{P})$,
$H_{\rho}\equiv<s(\rho)|S(\rho)l>_{\rho}$ , $s,$ $s^{J}\in\Gamma_{b}(\mathcal{E}X),$ $\rho\in \mathcal{P}$ .
$F(\mathcal{P})$ $P$ ( )
Theorem 4.1 ( - Serre-Swan )
$\sigma:Xarrow\Gamma_{b}(\mathcal{E}x)$
$\sigma(\xi)(\rho)\equiv[\xi]_{\rho}$ , $\xi\in X,$ $\rho\in P$
$\sigma$ $\Gamma_{u}(\mathcal{E}_{X})\equiv\sigma(X)$ $\Gamma_{b}(\mathcal{E}x)$ A-
$X$ Hermite $H$ $\Gamma_{u}(\mathcal{E}_{X})$
$\mathcal{K}_{u}(\mathcal{P})\cong A(Eq.\mathit{2}.\mathit{4})$
$\rho(<. \xi|\eta>)=H\rho(\sigma(\xi), \sigma(\eta))$ , $\xi,$ $\eta\in X,$ $\rho\in P$
$X$ $\Gamma_{u}(\mathcal{E}x)\subset\Gamma_{b}(\mathcal{E}_{X})$ Hilbert A-






$H(\sigma(\xi), \sigma(\eta))\in \mathcal{K}u(\mathcal{P})$ .
$H$ : $\Gamma_{u}(\mathcal{E}_{X})\mathrm{X}\Gamma u(\mathcal{E}x)arrow \mathcal{K}_{u}(P)$ .
Hermite $H$ $\Gamma_{u}(\mathcal{E}x)$ $\mathcal{K}_{u}(\mathcal{P})\cong A$
$g\in G=$ {A unitary }
$(\sigma(\xi)\cdot \mathit{9})(\rho)=(\psi_{g}\cdot(\sigma(\xi))(\rho)=\phi g*\{\sigma(\xi)(\alpha g(p))\}=[\xi\cdot g]_{\rho}=\sigma(\xi\cdot g)(\rho)$ .
$\sigma(\xi)\cdot g=\sigma(\xi\cdot g)$ . $\sigma$ A-





$)$ $X$ Hilbert A-
$\mathrm{B}_{:\mathrm{i}}\text{ }\mathrm{B}_{\mathrm{a}\text{ _{}0}}$ ’. 1
Example 4.4 $X=A.$ $\mathcal{E}_{X}$ $A$
GNS- $A$ –
( $A$ ) $\epsilon_{x}$ 1
$G\cong$ { $f$ : $\mathcal{P}arrow \mathrm{C};f$ , $|f|=1$ } $\cong$ { $f$ : $\mathcal{P}arrow U(1);f$ }




( ) $\mathcal{E}_{X}$ $p$ $\mathcal{E}_{X,\rho}$ $A$
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